Abstract-The design of a high-temperature superconducting (HTS) Superconducting Magnetic Energy Storage (SMES) coil with solenoidal and toroidal geometry is carried out based on a commercially available second-generation HTS conductor. An SMES system of practical interest (1 MW/5 s) is considered. The comparison between ideal toroidal and solenoidal geometry is first discussed, and the criteria used for choosing the geometrical parameters of the coils' bore are explained. The design of the real coil is then carried out, and the final amount of conductor needed is compared. A preliminary comparison of the two coils in terms of ac loss during one charge and discharge cycle is also discussed.
I. INTRODUCTION
T OROIDAL and solenoidal geometries can be considered for the design of SMES coils. The solenoid is simpler to manufacture and allows an easier handling of the mechanical stress. Moreover, for isotropic superconductors, the solenoid allows minimum wire consumption and represents the most cost effective solution [1] , [2] . Despite the drawback of the high stray field, solenoidal geometry has been exploited in the past for the development of real-scale SMES systems based on low temperature superconductors [3] , [4] . More recently solenoidal geometries have also been used for the development of SMES based on first generation HTS wires [5] , [6] . However, when 2G HTS materials are considered, toroidal geometry is generally assumed [7] - [10] . Since toroid reduces the perpendicular component of the magnetic field on the conductor, a lower material requirement can be expected due to the drastic dependence of its J c vs B performance on the orientation of the field. A presumably lower level AC loss can also be expected due to the lower perpendicular field. It is to be considered, however, that a careful investigation is needed in order to assess the conductor requirement and the AC loss of real toroidal coils with reduced, but non-negligible, perpendicular field.
In this paper the design of a HTS SMES coil with solenoidal and toroidal geometry is carried out. In both cases the coil is made of multiple identical pancakes [5] - [11] . A SMES system of practical interest (1 MW/5 s) is considered. The main characteristics are summarized in Section II. The design of the coil is carried out based on a commercially available 2G HTS conductor which is introduced in Section III. The comparison between ideal toroidal and solenoidal geometry is first discussed in Section IV and the criteria used for choosing the geometrical parameters of the coils' bore are explained. The design of the real coil is then carried out in Section V. The general characteristics are presented and the final amount of conductor needed is calculated and compared. Finally, in Section VI, a preliminary comparison of the two windings in terms of AC loss during one charge and discharge cycle is presented.
II. MAIN CHARACTERISTICS OF THE SMES SYSTEM
A SMES able to deliver 1 MW for 5 s is considered. The main characteristics of the system, which are independent of the chosen geometry (solenoidal and toroidal), are listed in Table I . This SMES can be used for several applications in industry including the protection of critical loads from voltage sag, leveling of large impulsive load and for bridging the onset time of off-line power reserves like, for example, diesel generators [12] . A voltage of 1 kV is chosen for the DC bus, which is below the insulation level achievable for conduction-cooled coils and is typical for the MW level power electronics [13] . As a consequence, since the aim is to provide 1 MW power, the minimum current I min of the SMES cannot be below 1 kA during the delivery interval. If the SMES is charged or discharged with constant power P during a certain time interval Δt the current I at the end of this interval is given by where I 0 is the current at the begin of the interval and L is the inductance of the coil. The "+" and "−" signs apply for the charge and the discharge respectively. Equation (1) points out that the lower the inductance chosen for the SMES the higher the current that is reached at the end of the charging phase. A maximum current I max of 3 kA is assumed here in order to keep heat load and size of current leads within acceptable values and to reduce the current rating of the DC/DC converter switches. An inductance of 1.25 H is obtained for the coil based on the deliverable power and interval (see Table I ) and the values chosen for I min and I max . Finally, a maximum stored energy E of 5.6 MJ is obtained for the coil corresponding to I max .
III. HTS CONDUCTOR AND CABLE
A commercial 2G HTS conductor produced by Superpower is considered for the design of the SMES. This consists of a tape with 2 × 20 μm copper stabilization and 0.1 mm total thickness [14] . The engineering critical current density of the tape at 77 K and self-field operation, J c (77 K, SF), is 3 × 10 8 A/m 2 . The dependence of the critical current density on the parallel (B ) and perpendicular (B ⊥ ) components of the applied field at 20 K can be expressed as
with L 0 = 6.52; k = 0.06; B 0 = 5.04 T; b = 1.64. Parameters L 0 , k, B 0 , and b of equation (2) have been obtained from the fitting of experimental data. More information on the J c versus B performance of the tape and its fitting law in a wider range of temperature can be found in [15] . Since the maximum required current capacity is 3 kA several conductors must be assembled in parallel for the manufacturing of the SMES coil. A Roebel cable [16] is considered for this purpose. This is made of a number HTS strands continuously transposed, a condition needed for uniform current sharing and low AC losses. The cable is wrapped with 125 μm electrical insulation. The width of each strand is 5.5 mm. The total wide side of the cable is 12 mm (a separation of 1 mm is left between strands along the wide side of the cable for manufacturability reasons). A filling factor of 0.76, which is typical for practical Roebel cables, is considered in Section V for the design of the coils.
IV. SIZING OF TOROIDAL AND SOLENOIDAL BORE
In order to carry out the detailed design of the SMES coil, the geometrical parameters of the coil's bore must first be fixed. This means that some criteria need to be introduced for choosing toroidal and poloidal radius of the torus and height and inner radius of the solenoid. A reference level of magnetic flux density, which is indicated with B ref in the following, needs also to be specified. Concerning the toroid we assume as a reference value B ref the maximum flux density at the innermost part of the torus. A schematic 2D view of a toroid made of multiple pancakes is shown in Fig. 1 . Given the toroidal radius R T and the poloidal radius R P , the aspect ratio a of the torus can be defined that is the ratio between the toroidal circumference and the poloidal diameter (a = πR T /R P ). The energy E of an ideal torus with toroidal radius R T , reference flux density B ref and aspect ratio a is expressed as
Equation (3) is obtained by integrating the magnetic energy density e = B 2 /2μ 0 over the volume of the torus and by considering the dependence of the flux density B on the radial coordinate. More details for the deduction of (3) are given in the Appendix. If the stored energy E is to be achieved with a torus of given aspect ratio a and reference flux density B ref , then a unique toroidal radius R T exists that can be obtained from (3) . The overall diameter D T of this torus can be defined as D T = 2R T (1 + π/a). In Fig. 2 the total size of the toroid with stored energy 5.6 MJ is plotted as function of the aspect ratio a for different values of the reference field. As it can be seen that, independently of the field level, a unique value of the aspect ratio a = 13π/5 ≈ 8.2 exists which minimizes the overall size of the toroid (see the Appendix for more details on the deduction of this value). We have verified that this holds also in case of different values of the stored energy. In Section V an aspect ratio a = 8.2 will be considered for the design of a real toroidal coil made of multiple pancakes coils.
As for the solenoid, we assume as a first approximation that the magnetic field does not change substantially within the cylindrical coil's bore. With this assumption the energy E stored in a solenoid with inner radius R S , height H S and magnetic flux density B ref can be approximated by
In the following, for comparison, we consider a solenoid with the same leading size of the toroid. In particular, we assume for the solenoid a height equal to the overall size of the toroid, which is H S = D T . The radius is obtained accordingly from the approximated expression of the energy.
V. DESIGN OF THE SMES COILS
The design of a SMES coil made of multiple pancakes is dealt with in this section. The pancakes can be stacked in the axial direction in order to form a solenoid [5] , [6] , [11] or they can be arranged along the toroidal circumference in order to form a torus [7] , [10] . Each of the pancakes is made of multiple turns of Roebel cable. Two copper plates with 1 mm thickness are placed on each side of the pancakes in order to allow thermal connection with the cooling system. A J/J c factor of 0.6 is considered for the design of the coil. A reference level of magnetic flux density B ref = 4 T is assumed. This is a compromise value. Higher values of B ref require more conductor [12] . Lower values reduce tape consumption but increase the overall dimension of the coil. However, the results presented in the following in terms of comparison between toroidal and solenoidal coils also apply for different field value.
The procedure described in Section IV is first used for choosing toroidal and poloidal radius of the toroidal coil and height and inner radius of the solenoidal one. The number of pancakes of each coil is deduced from the ratio between the available space (height of the solenoid or innermost circumference of the toroid) and the gross height of the pancakes (including the insulated Roebel cable and the copper plates). In the case of torus, an additional space between the pancakes (needed for manufacturability) is also taken into account. For a given thickness of the pancakes, the maximum operating current density J max of the coil is found by intersecting the coil's load line (scaled by the inverse of the filling factor) with the J c vs B curve of the material (scaled by the J/J c factor). The stored energy E max corresponding to J max is also calculated. The final layout is obtained by choosing for the pancakes the minimum thickness that allows reaching the required value of stored energy (E max = 5.6 MJ). Finally, each of the pancakes is then subdivided in as many turns as needed for obtaining an overall inductance L = 1.25 H for the coil in order to meet the requirement of deliverable energy (ΔE = 5 MJ), as specified in Section II. This subdivision only changes the inductance but does not affect the field distribution and the stored energy. The main characteristics of the toroidal and solenoidal SMES coils are listed in Table II . The field map at the maximum operating current is shown in Fig. 3 . Only one quarter of the coils is shown. Lines of constant field outside the coil's bore are also plotted for the solenoid. The arrangement of the pancakes is also visible in the figure. It can be deduced that, despite the lower perpendicular component of the field that occurs on the HTS tape (see next section for a quantitative discussion on this aspect), a relatively high amount of conductor is needed for the toroid (59.8 km, 12% lower than 68.1 km required for the solenoid). This is due to the decrease of the field with the radial coordinate, which requires a larger field volume, and hence a larger poloidal radius, compared to the solenoid for achieving the same storage capacity. A larger overall size is obtained with the toroid, which implies a much larger heat load due to radiation. In fact, the area of the cylindrical envelop of the torus is about 300% that of the solenoid. Furthermore, a more complex support structure is also needed for the pancakes, which increases the manufacturing costs.
The drawback of the solenoid is the much larger stray field, which can have negative effects on the cryocoolers and power electronics. In fact, in case of toroid, the line with constant stray field at 50 mT, which is assumed as practical limit in industry for the shielding of sensitive apparatus, is in the immediate vicinity of the outermost part of the coil (not visible in Fig. 3 ) and no shielding is required. In case of solenoid, the 50 mT line extends far from the bore and shielding is needed. However, since moderate field level (lower than 500 mT) is obtained, passive shielding can be implemented by means of magnetic steel placed in the vicinity of the vacuum chamber. Laminated materials can be used in order to reduce additional losses due to induced currents.
VI. AC LOSS
Advanced numerical techniques need to be employed for calculating the total loss of the SMES coils during a complete charge/discharge cycle. This is particularly true for the toroid geometry, where the 2D assumption may be inaccurate due to the fact that the perpendicular component of the magnetic field changes along the longitudinal direction of the tape. Further complications, which apply also in the case of solenoids, come from the large size of the coil and the intrinsic 3D behavior of the Roebel cable [17] . Furthermore, possible losses due to eddy currents in the normal conducting matrix and additional losses in metallic parts (e.g., copper plates or braids for the thermal connection of the coil with the cryocoolers) must be taken into account. No attempt is made in the following to provide loss data for the considered SMES coils. However, some qualitative investigation is carried out, under simplifying assumptions, with the aim to compare the toroidal and the solenoidal coil in terms of loss.
In Fig. 4 , the length of conductor is plotted versus the perpendicular field to which it is subjected when the SMES operates at the maximum current. Data shown were obtained by first subdividing each of the tapes of the coil in small portions, then by calculating the perpendicular field acting on each of them and finally by summing up for obtaining the length of conductor subject to a field falling within a given interval. The field range from 0 to 4 T was analyzed by subdivision in intervals of 0.1 T each. By processing the data of Fig. 4 we note that in the case of solenoid 50.8 km of tape (74.7% of the total) experience a perpendicular field below or equal to 0.5 T, whereas in the case of toroid the amount of conductor within the same field interval is 11.2 km. Furthermore, the amount of tape subject to a perpendicular field in the range 1.0-1.6 T is 5.1 km for the solenoid and 37.1 km for the toroid. Based on this data we see that, differently from the ideal torus where no perpendicular field exists and hence negligible loss occurs, substantial losses can be expected for the real toroidal coil due to the substantial perpendicular field, which involves a large amount of conductor. The maximum perpendicular field for the torus is 1.61 T. Much higher levels of perpendicular field, up to 3.76 T, exist for the solenoid but these involve 3.4 km (5%) of conductor only. In particular, only 0.2 km of conductor are exposed to a very high field in the 3.0-4.0 T range.
In order to compare the performance of the toroidal and the solenoidal coil in terms of AC losses, we have calculated the loss per unit length of one single HTS strand with 5.5 mm width subject to the field produced by the whole coil during one discharge/charge cycle. Only the perpendicular field is considered. The transport current is also applied to the tape. During the discharge/charge cycle, the transport current of the Roebel cable change from 3 kA to 1 kA and then back to 3 kA according to equation (1) . The transport current applied to the conductor is obtained from the transport current of the cable divided by the number of conductors of the cable (see Table II) . A peak transport current of 187.5 A and 300 A is obtained for the solenoid and the toroid respectively. The AC losses were computed with a finite-element model based on the 2-D H-formulation of Maxwell's equation [18] . The model simulates a straight individual Roebel strand subjected to both transport current and perpendicular magnetic field. The superconductor is modeled by means of the E − J power-law. The anisotropic dependence of the critical current density on the magnetic field is given by equation (2) . The transport current and the external field are applied by means of an integral constraint and of Dirichlet boundary conditions, as explained in [18] . After the distribution of J is calculated at all instants, the instantaneous power dissipation is computed by integrating EJ on the superconductor's cross-section, which is then timeintegrated over the duration of the discharge-recharge to give the total dissipated energy. As an example, the waveform of the current and the time evolution of the power per unit length of one strand subjected to transport current and peak perpendicular field are shown in Fig. 5 . One discharge/charge cycle is simulated. The transport current has a maximum amplitude of 300 A, as in the case of solenoid (3 kA/10 strands). The applied perpendicular field has a peak of 3.8 T and follows the same waveform of the current. This field peak value corresponds to the maximum possible value and occurs at the ends of the solenoid (see Fig. 4 ). Different values of the peak perpendicular field need to be used to simulate a strand in a different position.
AC loss of one HTS tape subject to perpendicular field and transport current are shown in Fig. 6 for various levels of the field for the toroid and the solenoid. For the same field level, only slightly higher losses per cycle per unit length of conductor are obtained for the toroid, despite the much higher transport current. This confirms that the losses are dominated by the applied field. As a figure of merit for comparing the loss performance of the two coils, we have combined the loss per unit length corresponding to each of the levels of perpendicular field with the length of conductor exposed to that field, thus obtaining a quantitative indicator which we refer to as "loss indicator." In particular, we have multiplied the loss per cycle Fig. 6 ) times the corresponding length of conductor (see Fig. 4 ), and we have summed up all the contributions. Results are reported in Table III . We see that greater loss can be expected for the toroid. We stress again, however, that this data do not represent an estimation of the total loss of the SMES coil. We also point out that a difference of the solenoid is that filamentarization, which is very likely to be needed for reducing the AC loss of SMES coil in regions of high perpendicular field, only needs to be applied for few pancakes at the ends of the coil. In contrast, in case of toroid, filamentarization must be applied to all the length of the conductor since the perpendicular field is distributed evenly all over the pancakes (see Fig. 4 ).
VII. CONCLUSION
A unique value of the aspect ratio exists that minimizes the overall size of a toroidal coil. Differently from the ideal case, a substantial perpendicular field occurs on the HTS conductor for a real toroidal coil. A much higher perpendicular field occurs, however, in a solenoidal coil with same stored energy and maximum size, which lead to lower critical current of the HTS conductor. Nevertheless, based on actual J c vs B performance of present state-of-the-art HTS materials, comparable lengths of conductor are needed for the solenoid and the toroidal coils. This is due to the fact that for the toroid, the field decreases with the radial coordinate and larger volume is needed to store the same energy. Moreover, due to the fact that the (lower) perpendicular field is more evenly distributed on the conductor, greater AC loss can be expected for the toroid compared to the solenoid.
APPENDIX ENERGY AND TOTAL SIZE OF AN IDEAL TOROIDAL COIL
An ideal torus with toroidal radius R T and aspect ratio a is considered. If B ref is the flux density at the innermost part of the torus the distribution within the torus volume is given by
The magnetic energy E can be obtained by integrating the density e = B 2 /2μ 0 over the volume of the torus, that is E = 2πB By solving analytically the integral in (6) [19] , we finally obtain equation (3) . If the stored energy E is to be achieved with a torus of given aspect ratio a and reference flux density B ref , then a unique toroidal radius R T exists that can be obtained from (1) . The overall diameter D T of this torus is D T = 2R T (1 + π/a) and can be expressed as 
By analyzing the derivative it can be found, after some manipulation, that function D T (a) of equation (6) has a minimum at a = 13π/5. Note that this minimum is independent of E and B ref .
